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Appendices

A. Physical Constants

We use SI units throughout this text. Simple ways to convert between SI and other
popular units, such as Gaussian, may be found in Refs. [105-108].

The Committee on Data for Science and Technology (CODATA) of NIST maintains
the values of many physical constants [92]. The most current values can be obtained
from the CODATA web site [820]. Some commonly used constants are listed below:

quantity symbol value units
speed of light in vacuum Co, C 299792458 ms~!
permittivity of vacuum € 8.854187817x 10712 Fm™!
permeability of vacuum Uo 41T X 1077 Hm™!
characteristic impedance Nno, Zo 376.730313 461 Q
electron charge e 1.602176462 x 10712 C
electron mass M 9.109381887 x 10731 kg
Boltzmann constant k 1.380650324 x 10~% JK7!
Avogadro constant Na,L 6.022141994 x 1023 mol !
Planck constant h 6.62606876 x 10734 J/Hz
Gravitational constant G 6.67259 x 10~11 m3 kg ls?
Earth mass Mg 5.972 x 10%* kg
Earth equatorial radius d, 6378 km

In the table, the constants c, yo are taken to be exact, whereas €y, no are derived

from the relationships:
1 [Ho
€= ——, = = = C
0 11oC? No € Ho

The energy unit of electron volt (eV) is defined to be the work done by an electron
in moving across a voltage of one volt, thatis, 1 eV = 1.602176462 x 10"'° C- 1V, or

1eV=1.602176462x 10710 ]
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In units of eV/Hz, Planck’s constant h is:
h =4.13566727 x 107"> eV/Hz = 1 eV/241.8 THz

that is, 1 eV corresponds to a frequency of 241.8 THz, or a wavelength of 1.24 um.

B. Electromagnetic Frequency Bands

The ITUT divides the radio frequency (RF) spectrum into the following frequency and
wavelength bands in the range from 30 Hz to 3000 GHz:

RF Spectrum
band designations frequency wavelength
ELF  Extremely Low Frequency 30-300 Hz 1-10 Mm
VF Voice Frequency 300-3000 Hz 100-1000 km
VLF  Very Low Frequency 3-30 kHz 10-100 km
LF Low Frequency 30-300 kHz 1-10  km
MF Medium Frequency 300-3000 kHz  100-1000 m
HF High Frequency 3-30 MHz 10-100 m

VHF Very High Frequency 30-300 MHz 1-10 m
UHF Ultra High Frequency 300-3000 MHz 10-100 cm
SHF  Super High Frequency 3-30 GHz 1-10 cm
EHF  Extremely High Frequency 30-300 GHz 1-10 mm
Submillimeter 300-3000 GHz  100-1000 pm

An alternative subdivision of the low-frequency .
bands is to designate the bands 3-30 Hz, 30-300 Hz, Microwave Bands
and 300-3000 Hz as extremely low frequency (ELF), band  frequency
super low frequency (SLF), and ultra low frequency L 1-2  GHz
(ULF), respectively. S 2-4 GHz

Microwaves span the 300 MHz-300 GHz fre- C 4-8 GHz
quency range. Typical microwave and satellite com- X 8-12 GHz
munication systems and radar use the 1-30 GHz Ku 12-18 GHz
band. The 30-300 GHz EHF band is also referred to K 18-27 GHz
as the millimeter band. Ka 27-40 GHz

The 1-100 GHz range is subdivided further into v 40-75 GHz
the subbands shown on the right. w 80-100 GHz

Some typical RF applications are as follows. AM radio is broadcast at 535-1700
kHz falling within the MF band. The HF band is used in short-wave radio, navigation,
amateur, and CB bands. FM radio at 88-108 MHz, ordinary TV, police, walkie-talkies,
and remote control occupy the VHF band.

Cell phones, personal communication systems (PCS), pagers, cordless phones, global
positioning systems (GPS), RF identification systems (RFID), UHF-TV channels, microwave
ovens, and long-range surveillance radar fall within the UHF band.

TInternational Telecommunication Union.
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The SHF microwave band is used in radar (traffic control, surveillance, tracking, mis-
sile guidance, mapping, weather), satellite communications, direct-broadcast satellite
(DBS), and microwave relay systems. Multipoint multichannel (MMDS) and local multi-
point (LMDS) distribution services, fall within UHF and SHF at 2.5 GHz and 30 GHz.

Industrial, scientific, and medical (ISM) bands are within the UHF and low SHF, at 900
MHz, 2.4 GHz, and 5.8 GHz. Radio astronomy occupies several bands, from UHF to L-W
microwave bands.

Beyond RF, come the infrared (IR), visible, ultraviolet (UV), X-ray, and y-ray bands.
The IR range extends over 3-300 THz, or 1-100 yum. Many IR applications fall in the
1-20 pym band. For example, optical fiber communications typically use laser light at
1.55 um or 193 THz because of the low fiber losses at that frequency. The UV range lies
beyond the visible band, extending typically over 10-400 nm.

| band wavelength frequency energy
infrared 100-1 pym 3-300 THz
ultraviolet 400-10 nm 750 THz-30 PHz

X-Ray 10 nm-100 pm 30 PHz-3 EHz 0.124-124 keV
y-ray < 100 pm > 3 EHz > 124 keV

The CIE' defines the visible spectrum to be the wavelength range 380-780 nm, or
385-789 THz. Colors fall within the following typical wavelength/frequency ranges:

Visible Spectrum
color wavelength frequency

red 780-620 nm 385-484 THz
orange 620-600 nm 484-500 THz
yellow 600-580 nm 500-517 THz
green 580-490 nm 517-612 THz
blue 490-450 nm 612-667 THz
violet 450-380 nm 667-789 THz

X-ray frequencies fall in the PHz (petahertz) range and y-ray frequencies in the EHz
(exahertz) range.¥ X-rays and y-rays are best described in terms of their energy, which is
related to frequency through Planck’s relationship, E = hf. X-rays have typical energies
of the order of keV, and y-rays, of the order of MeV and beyond. By comparison, photons
in the visible spectrum have energies of a couple of eV.

The earth’s atmosphere is mostly opaque to electromagnetic radiation, except for
three significant “windows”, the visible, the infrared, and the radio windows. These
three bands span the wavelength ranges of 380-780 nm, 1-12 pym, and 5 mm-20 m,
respectively.

Within the 1-10 ym infrared band there are some narrow transparent windows. For
the rest of the IR range (1-1000 um), water and carbon dioxide molecules absorb infrared
radiation—this is responsible for the Greenhouse effect. There are also some minor
transparent windows for 17-40 and 330-370 ym.

T Commission Internationale de 1’Eclairage (International Commission on Illumination.)
#1 THz = 10'2 Hz, 1 PHz = 10! Hz, 1 EHz = 10'8 Hz.
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Beyond the visible band, ultraviolet and X-ray radiation are absorbed by ozone and
molecular oxygen (except for the ozone holes.)

C. Vector Identities and Integral Theorems

Algebraic Identities
|AI?|BI* = |A- BI* + |A x B|? (C.1)
(AXB):C=(BxC(C)-A=(CxA)-B (C.2)

AX (BXC)=B(A-C)—C(A-B) (BAC-CAB rule) (C.3)

(AXB)-(CxD)=(A-C)(B-D)—(A-D)(B-C) (C.4)
(AXB)X(CxXxD) =[(AxB)-D]C—[(Ax B)-C|D (C.5)
A=0X(AxXxD)+({H-A)h=A, +4) (C.6)

where 1 is any unit vector, and A,, Aj are the components of A perpendicular and
parallel to . Note also that i X (A X i) = (A X A) XA. A three-dimensional vector can
equally well be represented as a column vector:

Ay
a=aX+ayy+az < a=|ay (C.7)
b,

Consequently, the dot and cross products may be represented in matrix form:

by
a-b < a'b=layay,azl| by | = axbx + ayby + asb, (C.8)
b,
0 -—a, ay by ayb, — a,b,
axb < Ab= a, 0 —ay by, | = | a;bx — axb, (C.9)
—ay ax 0 b, axby, — ayby
The cross-product matrix A satisfies the following identity:
A’ =aa" — (a'a)l (C.10)

where I is the 3X3 identity matrix. Applied to a unit vector n, this identity reads:

fix 0 n ny
I=na’ —N?, where a=|n, |, N=| A, 0 -Ay|, aATA=1 (C11)
a, ~fy, Ay O

This corresponds to the matrix form of the parallel/transverse decomposition (C 6).

Indeed, we have a) = i(fi’a) and @, = (Ax a)xh = —Ax (Ax a)= —N(Na)= —N2a.

Therefore, a = Ia = (AT — N2)a=aj +a, .
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Differential Identities

VXx(Vy)=0 (C12)
V- (VXA =0 (C.13)
V- (pA) =A-Vy+yV- A (C.14)
VX (WA) =y VXA+VY XA (C.15)
V(A-B)=(A-V)B+ (B-V)A+AX (VX B)+BXx (V x A) (C.16)
V-(AXB) =B:- (VxA)-A- (V xXB) (C.17)
VX (AxB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B (C.18)
Vx(VXA) =V(V-A)-V3A (C.19)
AxVBx+A,VB, + A,VB, = (A-V)B+ AX (VX B) (C.20)
Bx\VAx +ByVA, +B,VA, = (B-V)A+Bx (V xA) (C.21)
MXV)XA=hax (VxA)+m-V)A-n(V-A) (C.22)

Yh-V)E-E@-Vy)=[(-V)(WE+hax (VX (YE) -aV - (YE)] 23
+[AYV-E- AxExVy —wnx (VXE-G-E V] '

Withr =xX+yy+ 2% r = |r| = /X2 + y? + 72, and the unit vector t = r/r, we have:
R ) 1

Vr=t, Vr-=2r, v;:,

Integral Theorems for Closed Surfaces

The theorems involve a volume V surrounded by a closed surface S. The divergence or
Gauss’ theorem is:

J V-AdV = EF A-ndS (Gauss’ divergence theorem) (C.25)
1% s

where 1 is the outward normal to the surface. Green’s first and second identities are:

J [(DVZLIJ+VCP-V([/]dV=§ (pa—wdS (C.26)
1% s on

I [@Viy - yVildV = § ((pai - waﬁ) das (€.27)
1% s on on '
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0 N R
where — =11 - V is the directional derivative along fi. Some related theorems are:

on
) i oy
J vwdvzfn-vwdszjﬁ W s (C.28)
1% s s on
j Vg dv :jﬁ WhdS (C.29)
\% S
J V2AdV = % (h-V)AdS :jg E)—Ads (C.30)
v s s on
§ (A x V)xAdS = ff; [ﬁ>< (VxA)+Hm-V)A-1n(V -A)]dS =0 (C.31)
S S
J V xXAdV = % nxAdS (C.32)
\%4 S

Using Egs. (C.23) and (C.31), we find:

(o2 -e28)s-

on on
(C.33)
:j; [AyV - E- AXE)YxVy —whx (VXE) —(h-E) Vy]ldsS
s
The vectorial forms of Green’s identities are [708,705]:
J(V><A-V><B—A-V><V><B)dV:§ﬁ-(A><V><B)dS (C.34)
1% S

J (B-V><V><A7A-V><V><B)d\/:§:ﬁ-(AxVxBfoVxA)dS (C.35)
1% S

Integral Theorems for Open Surfaces

Stokes’ theorem involves an open surface $ and its boundary contour C:

J n-VxAdS= ff A-dl (Stokes’ theorem) (C.36)
S c

where dl is the tangential path length around C. Some related theorems are:

L[(pﬁ-Vfo(ﬁxA)-VLp]dS:inA-dl (C.37)
L[(Vw)ﬁ "V xA-((AxA)-V)Vy]dS = J;C(VL[/)A - dl (C.38)

j ﬁwid5:§ wdl (C.39)
S C
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J(ﬁXV)XAdS=J [A x (V><A)+(f1-V)A—f1(V-A)]dS=§ dlxA (C40)
s s c

J nds = l§ rxdl (C.41)
s 2 Jc
Eq. (C.41) is a special case of (C.40). Using Egs. (C.23) and (C.40) we find:
J (cp aE—Ea—(’U)dSJr% YE X dl =
s c

on on
(C.42)

= L[ﬁtpv "E—- (AXE)XVy —whax (VXE) - E VyldS
D. Green’s Functions

The Green’s functions for the Laplace, Helmholtz, and one-dimensional Helmholtz equa-
tions are listed below:

Vigm=-69 1 = ga)= ﬁ D.1)
—jkr

(V2+K)Gr)=-6®9@ > GO)= ZTJW (D.2)
—JjBlz|

(22+B)g(2)=—-6(2) = g(z)= esz (D.3)

where r = |r|. Egs. (D.2) and (D.3) are appropriate for describing outgoing waves. We
considered other versions of (D.3) in Sec. 20.3. A more general identity satisfied by the
Green’s function g (r) of Eq. (D.1) is as follows (for a proof, see Refs. [114,115]):

3Xin - r25ij

8,-5A,-g(r)=—%6,1,-6(3)(r)+ Sl ij=1,23 (D4)

where 0; = 0/0x; and x; stands for any of X, y, z. By summing the i, j indices, Eq. (D.4)
reduces to (D.1). Using this identity, we find for the Green’s function G (r) = e /X" /47rr:

1) 3XiXj — I’Z(Sij

2:0,G (r) = 7%6,-16‘” (r) + [Uk + /3

XiX;
-k ’—j} G(r)  (D.5)
¥
This reduces to Eq. (D.2) upon summing the indices. For any fixed vector p, Eq. (D.5)
is equivalent to the vectorial identity:

1,3t -p)—p
2

VxVx[pG)]= §p5(3) (r)+ [Uk+ ;) + k2§ x (pr)]c(r) (D.6)

The second term on the right is simply the left-hand side evaluated at points away
from the origin, thus, we may write:

VxVx[pG)]= %pé(” (r) + [V x V X [pG(r)]]r#O (D.7)
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Then, Eq. (D.7) implies the following integrated identity, where V is with respect to r:
V xV x J PX)G(r-r)dV' = 2 P(r) + J- [V x V % [P(r')G(rfr')]] dav’ (D.8)
1% 3 1% I' 41

and r is assumed to lie within V. If r is outside V/, then the term 2P(r)/3 is absent.

Technically, the integrals in (D.8) are principal-value integrals, that is, the limits as
0 — 0 of the integrals over V —Vs(r), where Vs (r) is an excluded small sphere of radius
0 centered about r. The 2P(r) /3 term has a different form if the excluded volume Vs (r)
has shape other than a sphere or a cube. See Refs. [27,143,155,205] and [109-113] for
the definitions and properties of such principal value integrals.

Another useful result is the so-called Weyl representation or plane-wave-spectrum
representation [22,26-28,198] of the outgoing Helmholtz Green’s function G (r):

G(r)=

e—Jkr o oo o—jlkax+kyy) o-ikzlzl gk, dk
:j J G (D.9)

4trr 25k, (2m)2

where k2 = k? — k3, with k, = (ki + k3. In order to correspond to either outgoing
waves or decaying evanescent waves, k, must be defined more precisely as follows:

k2 — k2, if k, <k, (propagating modes)
K, = \ (D.10)
—j\/ki - k2, if k, >k, (evanescent modes)

The propagating modes are important in radiation problems and conventional imag-
ing systems, such as Fourier optics [50]. The evanescent modes are important in the new
subject of near-field optics, in which objects can be probed and imaged at nanometer
scales improving the resolution of optical microscopy by factors of ten. Some near-field
optics references are [177-197].

To prove (D.9), we consider the two-dimensional spatial Fourier transform of G (r)
and its inverse. Indicating explicitly the dependence on the coordinates X, y, z, we have:

o o . efjkz\z\
g (kx, ky, 2) =J J G(xy,z)e/ Y dxdy = ==
o ek JXe (D.11)
_ —j (knx+k x dKy
G(x,y,2) —Jﬁoojiwg(kx,ky,l)e J ki y)’)W
Writing 6 (r) = 6 (x) 8 () § (z) and using the inverse Fourier transform:
dky dk,

50500 [ enthorion Gy

we find from Eq. (D.2) that g (kx, ky,z) must satisfy the one-dimensional Helmholtz
Green’s function equation (D.3), with k2 = k? — ki — kj = k* — k%, that is,
(92 + k2) g (kx, ky,z)= =5 (2) (D.12)

whose outgoing/evanescent solution is g (kx, ky, z) = e k121 /2jk ,.
A more direct proof of (D.9) is to use cylindrical coordinates, kx = k, cosy, k) =
k. siny,x = pcos¢,y = psine, where ki = k3 + k3 and p? = x* + y2. It follows that
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kxx + kyy =k pcos(¢p — ). Setting dxdy = pdpd¢ = rdr de, the latter following
from r? = p? + z2, we obtain from Eq. (D.11) after replacing p = Vr2 — z2:

_ (kxx+kyy)
9 (ke ky,2) JJ 47TreJ dxdy = J,[

00 Tr o0
1 dr e Jkr @ejkmcos(zbfw) - l dr e Jkr Jo(krlf’z _ Zz)
2 Jiz) 0o 2T 2 Jiz|

ejkmcosw—w) rdrde

where we used the integral representation (16.9.2) of the Bessel function J (x). Looking
up the last integral in the table of integrals [104], we find:

e*jkz‘z\
2jk,

g(kx, ky,z)= % J: dre X Jo (kyVr? — z2) = (D.13)
zZ

where k, must be defined exactly as in Eq. (D.10). A direct consequence of Eq. (D.11)
and the even-ness of G (r) inr and of g (kx, ky, z) in ky, ky, is the following result:

*© o : ’ , , , , . e*jkz|Z*Z,|
f J e kX +hV) Gy — ¥ YdX' dYy’ = eI Kextkyy) Z (D.14)
2jk,
One can also show the integral:
e—jk;z e—jkzz
) - for z=0
o0 —jkylz-7' 2 2 7 )
I - Jkz1z=2'| dy = F—ks  2kz(kz—k;) D.15)
0 ZJkZ ejkzz
for z<0

2k, (Ky + k)’

The proof is obtained by splitting the integral over the sub-intervals [0,z] and
[z, 00). To handle the limits at infinity, k;, must be assumed to be slightly lossy, that is,
k, = B, — jotz, with &, > 0. Egs. (D.14) and (D.15) can be combined into:

e JKT e-Jkr
- for z=0
k2 —k2  2k,(ky —k,)’
J e K YGr—1)dVv = , z(kz —kz) (D.16)
v, e Jk-1

2k, (Ky + k)’

for z<0

where V, is the half-space z > 0, and k, k_, k' are wave-vectors with the same Kk, ky
components, but different ks:

k=kxX+kyy+k,2
ko =kek+ky ¥ -k, 2 D.17)
K =kyx+kyV+k,2

where we note that k'2 — k? = (k2 + k3 + k7)) — (k3 + k2 + k2) = k7 — k2.

The Green’s function results (D.8)-(D.17) are used in the discussion of the Ewald-
Oseen extinction theorem in Sec. 13.6.
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E. Coordinate Systems

The definitions of cylindrical and spherical coordinates were given in Sec. 13.8. The
expressions of the gradient, divergence, curl, Laplacian operators, and delta functions
are given below in cartesian, cylindrical, and spherical coordinates.

Cartesian Coordinates

dp oy
Vy=x ox +y8y +Z 0z

Ll

'E

2 _ oy
v""ax2+ay2+azz
_0A, 04, 24,
VA= ox T oy T oz
A, 04y (2 aAZ> (04, 04, (E.1)
VXA_X(@)/ az)” oz ox ) A\ ax oy
X A4 Z
_| o 9 @
| % 3, 2
Ac Ay A,

SO @-r)=6(x-x)6(y -y )d(z-2)

Cylindrical Coordinates

Loy 10y 0y
th—pap+ pa¢+zaz (E.2a)
2y = L O (0w 1w Oy
qu_pap p ) +p28 7T 3p2 (E.2b)

_10(pAy) 104y 04,

VA—p op +p8<l>+az (E.2¢0)

. laAziaA(;) - %76142 L1 8(pA¢)7%
V><A7p<p — |+ ¢ e ap +zp 76;7 3¢ (E.2d)

59 (r—1)= %6(p—p'>6<¢—¢'>6(z—z’> (E.2¢)

Spherical Coordinates

3 S10y -
VU=t 0 50 T reing o0 (&5
o L2 (pA) LB (g0 L2y
V= " ar ) T rzsmo 90 M0 30 ) T rzanzo ag2 3
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1 0(r*Ay) 1  0(sinOAyp) 1 0Ag
VA= T Trsm0 a0 rsin® 06 (30
.1 0(sinfAg)  0Ap 5l 1 0A, 0(rdy)
VXA=T o ( 30 3¢ r\smo o0~ or ) B39
1 0(rAp) B aA,>
P, ( or 20
1
(3) - - - - _ 7 _ ’
o (r-r) r2sin95(r r)o@—-0)6(p—¢") (E.3e)
Transformations Between Coordinate Systems
A vector A can be expressed component-wise in the three coordinate systems as:
A=XAx+VAy +2A,
=PpA,+PAy+2A, (E.4)

—FA, +0Ag+ Ay
The components in one coordinate system can be expressed in terms of the compo-

nents of another by using the following relationships between the unit vectors, which
were also given in Egs. (13.8.1)-(13.8.3):

X = pcos¢ [Z=f(cos¢>+§lsin¢ X:ﬁcosd)—(i)sind) E5)
y = psing ¢ = —Xsin¢ + ycosPp Vv = psing + ¢ cos p ’
p =rsin0 f=2c039+ﬁsin9 2 =tcos0 —Osind E6)
Z=rcos0 0 =-2sin0 + pcosd p=Fsin6 + 0 cos 0 '
X = rsin 0 cos ¢ f=%Xcos¢sind +ysingsin + zcos 0
Yy = rsin 0 sin ¢ 0 =%xcos¢pcosO +ysingcos O —zsin O (E.7)
z=rcos@ ¢ = —%ksin¢ + ycos P
f(:f‘sin@coscl)+éc059cos¢—&>sin¢
y =tsin0sing + 0 cos 0 sin¢ + ¢Pp cos P (E.8)

Iy
2=Ffcos0 —0sin0

For example, to express the spherical components Ag, A¢ in terms of the cartesian
components, we proceed as follows:

Apg=0-A=0- - RA+VA, +2A,)= (0 - ) A+ (0-9)A, +(0-2) A,
Apg=P A=  RA+TVA, +2A,)= (P ) Ax+ (P V) Ay + (P - 2) A,
The dot products can be read off Eq. (E.7), resulting in:
Ag = cospcos Ay + sing cos OA, —sin 0A,

(E.9)
Agp = —sinpAx + cos pA,
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Similarly, using Eq. (E.6) the cylindrical components A, A, can be expressed in terms
of spherical components as:

Ap=p-A=p- FA, +0Ag+PAy)=sin0A, + cos 0Ap
~ R (E.10)
A, =2-A=72- A, +0A9+PAp)=cosOA, —cosOAy
F. Fresnel Integrals
The Fresnel functions C (x) and S (x) are defined by [103]:
X ™ X s
C(x)=J cos(—t2> dt, S(x)=J sin(—tz)dt (F.1)
0 2 0 2
They may be combined into the complex function:
X ) )
Fx)=CX)-jS(x)= J e (M2 gy (F.2)
0
C(x), S(x), and F (x) are odd functions of x and have the asymptotic values:
Clw)=S(w)= 3, Floo)= 17 (F.3)

At x = 0, we have F(0)= 0 and F' (0) = 1, so that the Taylor series approximation is
F(x) = x, for small x. The asymptotic expansions of C(x), S(x), and F (x) are for large
positive Xx: ) ]

F(x) = 1-J ;J 4 pmimer2

TTX
1 1
C(x) = >t sin(%xz) (F.4)
_1_ 1 w 2)
S(x) = > Tx cos(zx

Associated with C (x) and S (x) are the type-2 Fresnel integrals:

Ca(x) = J: ;‘g% dt, S)(x)= J: Lt (.5)
They are combined into the complex function:
X ot
Fa(x)= C2(x)—jS2(x) = L Tt dt (F.6)
The two types are related by, if x > 0:
CX)=Cs (gxz) . SX)=5» (§x2> , F)=F (ng) (F.7)

and if x < 0, we set F(x)= —F(—x)= —F, (11x%/2).
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The Fresnel function F; (x) can be evaluated numerically using Boersma’s approx-
imation [729], which achieves a maximum error of 10~ over all x. The algorithm ap-
proximates the function F» (x) as follows:

) 3 11 x\"
e 5 S ansion ()
n=0
_ g . 11 n
L=J , pix i‘z(cnﬂdn)(é) , if x>4
X = X

if 0<x=<4
(F.8)

2

where the coefficients a,, by, cn,dy, are given in [729]. Consistency with the small- and
large-x expansions of F(x) requires that ag + jbg = +/8/1 and co + jdo = j/+/81. We
have implemented Eq. (F.8) with the MATLAB function fcs2:

F2 = fcs2(xX); % Fresnel integrals Fb2 (x) = Cb2(x)—jSb2(x)

The ordinary Fresnel integral F (x) can be computed with the help of Eq. (F.7). The
MATLAB function fcs calculates F (x) for any vector of values x by calling fcs2:
F = fcs(xX); % Fresnel integrals F (x) = C(x)—jS(x)

In calculating the radiation patterns of pyramidal horns, it is desired to calculate a
Fresnel diffraction integral of the type:

1
Fo(v,0) = J eIMVE g i(M/2)0*E e (F.9)

Making the variable change t = 0§ — v/ 0, this integral can be computed in terms of
the Fresnel function F (x) = C(x) —jS (x) as follows:

Fo(v,0) = ~ olm/20#/0%) [F (3 + 0) -F (K - o)] (F.10)
g g g

where we also used the oddness of F(x). The value of Eq. (F.9) at v = O is:

Fo(0,0)= é[F(O’)—F(—(T)] =2¥ (F.11)

Eq. (F.10) assumes that o # 0. If o = 0, the integral (F.9) reduces to the sinc function:

Fo(v,0)=2 w (F.12)

From either (F.11) or (F.12), we find Fy(0,0)= 2. A related integral that is also
required in the theory of horns is the following:

! TI'E iTVE ,—j(1r/2) 0% E?
Fl(v,a):J 1cos(7)ef se/ d&é (F.13)
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Writing cos (TT€/2) = (e/™8/2 + ¢ J™8/2) /2 the integral F; (v, s) can be expressed in
terms of Fy (v, o) as follows:

Fi(v,o)= =[Fo(v+0.5,0) +Fy (v — 0.5,0) ] (F.14)

N | =

It can be verified easily that Fy (0.5, 0) = Fo(—0.5, 0), therefore, the value of F; (v, o)
at v = 0 will be given by:

F1(0,0)=Fy(0.5,0)= % e/ (80) [F (% + o) -F (% - o)] (F.15)

Using the asymptotic expansion (F.4), we find the expansion valid for small o:

F (% + 0-) - ligj T 2?0 eI/ B7*) | for gmall (F.16)

For o = 0, the integral F; (v, o) reduces to the double-sinc function:

g

1
Fi(v,0)= J cos <Tr7> el™E JE = 1
-1

E [FO (V + 0.5, 0) +F0 (V — 0.5, O)]

(F.17)

_sin(mr(v+0.5))  sin(m(v-0.5)) 4 cos(mv)
T mw(v+0.5) T(v—-0.5)  m 1-—4V2

From either Eq. (F.16) or (F.17), we find F; (0,0)= 4/m.

The MATLAB function diffint can be used to evaluate both Eq. (F.9) and (F.13) for
any vector of values v and any vector of positive numbers o, including o = 0. It calls
fcs to evaluate the diffraction integral (F.9) according to Eq. (F.10). Its usage is:

FO = diffint(v,sigma,0);
F1 diffint(v,sigma,l);

% diffraction integral FbO0 (v, o), Eq. (F.9)
% diffraction integral Fbl (v, o), Eq. (F.13)

The vectors v, sigma can be entered either as rows or columns, but the result will
be a matrix of size Tength(v) x length(sigma). The integral Fy(v, o) can also be
calculated by the simplified call:

FO = diffint(v,sigma); % diffraction integral Fb0 (v, o), Eq. (F.9)
Actually, the most general syntax of diffint is as follows:
F = diffint(v,sigma,a,cl,c2); % diffraction integral F (v, o, a), Eq. (F.18)

It evaluates the more general integral:

C2 X i
F(v,0,a)= J cos (TFTEG) eIMVE (M2 E g (F.18)

C1

For a = 0, we have:

F(v,0,0)= L gty 02/0%) [F (X - (rc1> —-F (X - Ucz)] (F.19)
o o o
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For a # 0, we can express F (v, 0, a) in terms of F(v,0,0):

[F(v +0.5a,0,0)+F(v—0.5a,0,0)] (F.20)

N | =

F(v,o0,a)=

Fora =0and o = 0, F(v,0,a) reduces to the complex sinc function:

JTTVC2 __ pJTTVCYL s _ 2
Fv,0,00= 54— — (e~ 1) sin{rr(c, - c1)v/2)

Jmy m(c2 —C1)V/2

ej'lT(C2+C1)V/2 (le)

G. Lorentz Transformations

According to Einstein’s special theory of relativity [123], Lorentz transformations de-
scribe the transformation between the space-time coordinates of two coordinate sys-
tems moving relative to each other at constant velocity. Maxwell’'s equations remain
invariant under Lorentz transformations. This is demonstrated below.

Let the two coordinate frames be S and S’. By convention, we may think of S as
the “fixed” laboratory frame with respect to which the frame S’ is moving at a constant
velocity v. For example, if vis in the z-direction, the space-time coordinates {t,x,y, z}
of S are related to the coordinates {t’,x’,y’,z’} of S’ by the Lorentz transformation:

X x'
— )
S N '
Z Z
VK

K

1
 where Y= e
y

where c is the speed of light in vacuum. Defining the scaled quantities T = ct and
B = v/c, the above transformation and its inverse, obtained by replacing 8 by —f, may
be written as follows:

T =y(t-B2) T=y(T +p2)

z’ =y(z-BT1) - zZ= y’(z + BT) G.1)
X =X X=X

y =y y=y

These transformations are also referred to as Lorentz boosts to indicate the fact that
one frame is boosted to move relative to the other. Interchanging the roles of z and x, or
z and y, one obtains the Lorentz transformations for motion along the x or y directions,
respectively. Egs. (G.1) may be expressed more compactly in matrix form:

T T y 0 0 —-yB

P R ;X B 0 1 0 0

x =Lx|, where x= v | X = VAL L= 0 0 1 0 (G.2)
z z -yB 0 0 'y

Such transformations leave the quadratic form (c?t? — x? — y? — z?) invariant, that is,
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2 —x?—y? 7%=t - X - y? - 22 (G.3)
Introducing the diagonal metric matrix G = diag(1,—1,—1,—1), we may write the

quadratic form as follows, where x! denotes the transposed vector, that is, the row
vector xI = [T,x,y,z]:

xXTGx =12 X2 —y? 22 =c?t> - x> —y* - 722 (G.4)

More generally, a Lorentz transformation is defined as any linear transformation x’ =
Lx that leaves the quadratic form x” Gx invariant. The invariance condition requires
that: X TGx" = xTLTGLx = xTGx, or

G3)

In addition to the Lorentz boosts of Eq. (G.1), the more general transformations
satisfying (G.5) include rotations of the three spatial coordinates, as well as time or
space reflections. For example, a rotation has the form:

1/0 0 0
0
=10 R
0

where R is a 3x3 orthogonal rotation matrix, that is, RTR = I, where I is the 3x3
identity matrix. The most general Lorentz boost corresponding to arbitrary velocity
v = [Vx,Vy,Vv,]T is given by:

L REE. here B =~ L e
= 2 , Where =—, y= .
{—yﬁ ‘ I+ —y}ilﬁBTJ ¢ J1-B78

When v = [0,0,v]T, or B = [0,0,B]7, Eq. (G.6) reduces to (G.1). Defining B = |B| =
\/BTB and the unit vector B = B/B, and using the relationship y2f2 = y2 — 1, it can be
verified that the spatial part of the matrix L can be written in the form:

1+ Y BT =1+ (y-1)BB" G.7)
y+1 B Y :

The set of matrices L satisfying Eq. (G.5) forms a group called the Lorentz group. In
particular, the z-directed boosts of Eq. (G.2) form a commutative subgroup. Denoting
these boosts by L (f8), the application of two successive boosts by velocity factors f8; =
vi/c and B> = v, /c leads to the combined boost L (B)= L(B1)L(B2), where:

B: Bl+BZ _ Vi + Vo
1+ BiB2 14 Vviva/c?

with B = v/c. Eq. (G.8) is Einstein’s relativistic velocity addition theorem. The same
group property implies also that L' (8)= L(—f). The proof of Eq. (G.8) follows from

(G.8)

the following condition, where y; = 1/4/1 — 82 and y» = 1/+/1 — B3:
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y 0 0 -yB Y1 0 0 -yiB y20 0 0 -y
0 1 0 0 _ 0 1 0 0 0 1 0 0
0 0 1 0 - 0 0 1 0 0 0 1 0
-yB 0 0 y -yiBi 0 0 ¥ =y2B2 0 0 ¥y

A four-vector is a four-dimensional vector that transforms like the vector x under
Lorentz transformations, that is, its components with respect to the two moving frames
S and S’ are related by:

4
Ao dg
a a,
a =La|, where a=| *|, a =] "% (G.9)
ay a,
a a,

For example, under the z-directed boost of Eq. (G.1), the four-vector a will transform as:

ag = y(ao — Ba,) a0 =y (ag + fay)

a:Z =ylaz—Bao) | _ | az= Y,(all + Bag) (G-10)
ay = dx Ax = dx

ay = ay b =

Four-vectors transforming according to Eq. (G.9) are referred to as contravariant.
Under the general Lorentz boost of Eq. (G.6), the spatial components of a that are trans-
verse to the direction of the velocity vector v remain unchanged, whereas the parallel
component transforms as in Eq. (G.10), that is, the most general Lorentz boost transfor-
mation for a four-vector takes the form:

ag = y(ao - Bay)
ay =y(a; - Bao)

a =a,

1 v
Y=ﬁ, B =IBI, 3=E (G.11)

AT

where aj = B a and a = [ay, ay, a,]7 is the spatial part of a. Then,
~ ~ ~T ~

aj=Bay=B(Ba and a, =a-aj=a-Ba

Setting B = BB and using Eq. (G.7), the Lorentz transformation (G.6) gives:

[a{) ] _ y —YBBT [ao ] _ [ _y(ao - Bay) ]
a ~yBB I+ (y—l)BI?T a a-Baj + By(a) - Bao)
from which Eq. (G.11) follows.

For any two four-vectors a, b, the quadratic form a’Gb remains invariant under
Lorentz transformations, that is, a’’Gb’ = a’Gb, or,

ayby —d -V =agbyg—a-b, where a=[(20] b=[b;] (G.12)
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Some examples of four-vectors are given in the following table:

four-vector ao dx ay a,

time and space ct X y z
frequency and wavenumber | w/c  ky ky k,
energy and momentum E/c px Py Pz G.13)
charge and current densities | ¢cp Ix Jy Jz

scalar and vector potentials ® CcAx CcAy, CA;

For example, under the z-directed boost of Eq. (G.1), the frequency-wavenumber
transformation will be as follows:

w’ =y(w — Bcky) w =y(w + Bck})
B B .
ky,=y(k,— = k,=yv(k. + 2
z =Yk, Cw) - z Y(z"‘cw) , ,BC=V,§=V7 (G.14)
K = K kx = ki ©
kj, = ky ky = k;,

where we rewrote the first equations in terms of w instead of w/c. The change in
frequency due to motion is the basis of the Doppler effect. The invariance property
(G.12) applied to the space-time and frequency-wavenumber four-vectors reads:

7o

wt -K-r=wt-—k-r (G.15)

This implies that a uniform plane wave remains a uniform plane wave in all reference
frames moving at a constant velocity relative to each other. Similarly, the charge and
current densities transform as follows:

cp' =yl(cp-PBJ2) cp=y(cp +BJy)
Jf =y(J, - Bcp) - Jz = y,(JZ + Becp’) (6.16)
Jx ZJX JX =JX

Iy =1y Jy=1Iy

Because Eq. (G.5) implies that LT = GLG, we are led to define four-vectors that
transform according to L~7. Such four-vectors are referred to as being covariant. Given
any contravariant 4-vector a, we define its covariant version by a = Ga. This operation
simply reverses the sign of the spatial part of a:

_— _ 1 0 do _ do
sca=[3 2][%]-[%]

The vector a transforms as follows:

d =Ga =GLa=(GLG)(Ga)=L"Ta (G.18)
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where we used the property that G? = I, the 4x4 identity matrix. The most important
covariant vector is the four-dimensional gradient:

or
Ox Ot
%=1a, 1" [ v ] (G.19)
0z
Because x’ = Lx, it follows that 0,y = L~T0,. Indeed, we have component-wise:
0 0x; 0 0 . .
= — = Li — L , , = L
ox; ; 0x; 0X; ; 70X > O Ox = Ox Ox

For the z-directed boost of Eq. (G.1), we have L=T = L~1, which gives:

a'r’ = y(a'r + Baz) a‘r = }’(87' - Baz’)
0y = }’(az + Ba'r) - 0, = }/(az’ - Ba'r’) (G.20)
Ox = 0Ox Ox = Oy

ay’ = ay ay = ay’

The four-dimensional divergence of a four-vector is a Lorentz scalar. For example,
denoting the current density four-vector by J = [cp, Jx, Jy,J-] T the charge conserva-
tion law involves the four-dimensional divergence:

cp
Jx
Jy
Jz

Under a Lorentz transformation, this remains invariant, and therefore, if it is zero
in one frame it will remain zero in all frames. Using 01 = 07 L, we have:

arP+V'J= [aT;aXsayyaz] =aI] (G.21)

0p+V - J=0L]=0LL]=0x] =0pp +V -J (G.22)

Although many quantities in electromagnetism transform like four-vectors, such as
the space-time or the frequency-wavenumber vectors, the actual electromagnetic fields
do not. Rather, they transform like six-vectors or rank-2 antisymmetric tensors.

A rank-2 tensor is represented by a 4x4 matrix, say F. Its Lorentz transformation
properties are the same as the transformation of the product of a column and a row
four-vector, that is, F transforms like the quantity ab’, where a, b are column four-
vectors. This product transforms like a’b’" = L (abT)LT. Thus, a general second-rank

tensor transforms as follows:
F' =LFLT (G.23)

An antisymmetric rank-2 tensor F defines, and is completely defined by, two three-
dimensional vectors, say a = [ax,ay,d;]T and b= [by,by,b,]T . Its matrix form is:

0 —ax —ay —dg
dx 0 -b, b,
day b, 0 —by
a, -—by by 0

(G.24)
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Given the tensor F, one may define its covariant version through F = GFG, and its
dual, denoted by F and obtained by the replacements a — b and b — —a, that is,

0 ax ay a 0 -bx -b, -b;

= | —ax 0 -b, by s by 0 a; —ay
F= —ay b, 0 by |’ F= b, -a, 0 dy (G.25)

-a, -by by 0 b, a, —ax 0

Thus, F corresponds to the pair (—a, b), and F to (b, —a). Their Lorentz transfor-
mation properties are:
F =LTFL™', F' =LFLT (G.26)

Thus, the dual F transforms like F itself. For the z-directed boost of Eq. (G.1), it
follows from (G.23) that the two vectors a, b transform as follows:

ay = y(ax — Bby) by = y(bx + Bay)
a;/ = Y(ay + Bbx) b;/ = Y(by - Bax) (G.27)
a,=a, b, =b,

These are obtained by equating the expressions:

[0 -—a, -a, -a

a, 0 ~-b, b,|_

a, b, 0 -by|"~

la, -b, Db, O

[y 0 0 -yB|[O0 -ax -ay -a y 0 0 -yB
| o 10 o0 aw. 0 b, byl 0 1.0 o0
1 o o1 o a b, 0 ~-by|| 0 01 o0
L-yB 0 0 ¥y a; -by bx 0 -yB 0 0 ¥y

More generally, under the boost transformation (G.6), it can be verified that the com-
ponents of a, b parallel and perpendicular to v transform as follows:

a, =y(a,+Bxb,)
hi =y(b, -Bxay) 1

Y= =
a"‘ =4a| m
b = b

B=IBI, B=§ (G.28)

Thus, in contrast to Eq. (G.11) for a four-vector, the parallel components remain un-
changed while the transverse components change. A pair of three-dimensional vectors
(a, b) transforming like Eq. (G.28) is referred to as a six-vector.

It is evident also that Egs. (G.28) remain invariant under the duality transformation
a — b and b — —a, which justifies Eq. (G.26). Some examples of (a, b) six-vector pairs
defining an antisymmetric rank-2 tensor are as follows:
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a b

E cB (G.29)
cD H
cP —-M

where P, M are the polarization and magnetization densities defined through the rela-
tionships D = €,E + Pand B = to(H + M). Thus, the (E, B) and (D, H) fields have the
following Lorentz transformation properties:

E, =y(E, +cBXB)) H =y(H, —cBxD,)

, 1 , 1
B =y(B. - —BXE,) D, =y(D,+-BxH,)
¢ ¢ (G.30)

E| =E| H| =H,

B = B D| =D,

where we may replace ¢f = vand B/c = v/c?. Note that the two groups of equations
transform into each other under the usual duality transformations: E — H, H — —E,
D — B, B— —D. For the z-directed boost of Eq. (G.1), we have from Eq. (G.30):

Ey = y(Ex—cBBy) Hy = y(Hx + cBDy)
E, = y(Ey + cBBy) Hj, = y(Hy — cBDx)
’ ]- ’ 1
By = y(Bx + EBEy) D, = y(Dx - EﬁHy)
) ) (G.31)

B} = y(By ~ _BEy) D = y(Dy+ _BHy)
E,=E, H, =H,

B, = B, D, =D,

Associated with a six-vector (a, b), there are two scalar invariants: the quantities
(a-b) and (a-a— b- b). Their invariance follows from Eq. (G.28). Thus, the scalars
(E-B), (E-E—c®B-B), (D-H), (c2D- D - H- H) remain invariant under Lorentz
transformations. In addition, it follows from (G.30) that the quantity (E- D — B - H) is
invariant.

Given a six-vector (a, b) and its dual (b, —a), we may define the following four-
dimensional “current” vectors that are dual to each other:

V-a . V-b
JZ[befaTa]' J:[7an7a7h} (G.32)

It can be shown that both J and J transform as four-vectors under Lorentz trans-
formations, thatis, J' = LJ and J' = LJ, where J’,J’ are defined with respect to the
coordinates of the S’ frame:

. v .a - Vb
O PO 0 B
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The calculation is straightforward but tedious. For example, for the z-directed boost
(G.1), we may use Egs. (G.20) and (G.27) and the identity y2 (1 — f2)= 1 to show:

Ji=(V'xb' -0ra’), =0yb, - d,b;, — draj
= Oyb, — y* (9, + BO+) (by — Bax) —y* (0r + BO;) (ax — Bby)
=03yb, — 3,by — drax = (VX b—0a), = Jx
Similarly, we have:
Jo=V'-a' =0yay+0dyay,+0,a,
= ydx(ax — Bby) +ydy(ay + Bbx) +y (0, + o) a,
= y[(0xax + 8yay + 0,a,) —B(0xby — Oybx — 0-az)] = y(Jo — BJ2)

In this fashion, one can show that J and J satisfy the Lorentz transformation equa-
tions (G.10) for a four-vector. To see the significance of this result, we rewrite Maxwell’s
equations, with magnetic charge and current densities p,,J,; included, in the four-
dimensional forms:

V-cD | cp V .-cB | cPm (G.34)

VXH-0cD| | J |’ ~VXE-0:B| | Jm )
Thus, applying the above result to the six-vector (cD, H) and to the dual of (E, cB)
and assuming that the electric and magnetic current densities transform like four-

vectors, it follows that Maxwell’s equations remain invariant under Lorentz transfor-
mations, that is, they retain their form in the moving system:

o B ][] [ []
V'xH' - 0rcD’ J |’ -V’ ' XE" — 0¢cB’ I )

The Lorentz transformation properties of the electromagnetic fields allow one to
solve problems involving moving media, such as the Doppler effect, reflection and trans-
mission from moving boundaries, and so on. The main technique for solving such prob-
lems is to transform to the frame (here, S’) in which the boundary is at rest, solve the
reflection problem in that frame, and transform the results back to the laboratory frame
by using the inverse of Eq. (G.30).

This procedure was discussed by Einstein in his 1905 paper on special relativity in
connection to the Doppler effect from a moving mirror. To quote [123]: “All problems
in the optics of moving bodies can be solved by the method here employed. What is
essential is that the electric and magnetic force of the light which is influenced by a
moving body, be transformed into a system of co-ordinates at rest relatively to the
body. By this means all problems in the optics of moving bodies will be reduced to a
series of problems in the optics of stationary bodies.”

H. MATLAB Functions

The MATLAB functions are grouped by category. They are available from the web page:
www.ece.rutgers.edu/~orfanidi/ewa.
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Multilayer Dielectric Structures

brewster
fresnel

n2r
r2n

multidiel

omniband
omniband2

snell

calculates Brewster and critical angles
Fresnel reflection coefficients for isotropic or birefringent media

refractive indices to reflection coefficients of M-layer structure
reflection coefficients to refractive indices of M-layer structure

reflection response of a multilayer dielectric structure

bandwidth of omnidirectional mirrors and Brewster polarizers
bandwidth of birefringent multilayer mirrors

calculates refraction angles from Snell’s law for birefringent media

Quarter-Wavelength Transformers

bkwrec
frwrec

chebtr
chebtr2
chebtr3

order-decreasing backward layer recursion - from a,b to r
order-increasing forward layer recursion - from r to A,B

Chebyshev broadband reflectionless quarter-wave transformer
Chebyshev broadband reflectionless quarter-wave transformer
Chebyshev broadband reflectionless quarter-wave transformer

Dielectric Waveguides

dguide
dslab

TE modes in dielectric slab waveguide
solves for the TE-mode cutoff wavenumbers in a dielectric slab

Transmission Lines

g2z
z2g
Tmin

mstripa
mstripr
mstrips

multiline

swr
tsection

gprop
vprop
zprop

reflection coefficient to impedance transformation
impedance to reflection coefficient transformation
find locations of voltage minima and maxima

microstrip analysis (calculates Z,eff from w/h)
microstrip synthesis with refinement (calculates w/h from Z)
microstrip synthesis (calculates w/h from Z)

reflection response of multi-segment transmission line

standing wave ratio
T-section equivalent of a length-1 transmission line segment

reflection coefficient propagation
wave impedance propagation
wave impedance propagation

Impedance Matching

qwtl
qwt2
qwt3

dualband
dualbw

quarter wavelength transformer with series segment
quarter wavelength transformer with 1/8-wavelength shunt stub
quarter wavelength transformer with shunt stub of adjustable length

two-section dual-band Chebyshev impedance transformer
two-section dual-band transformer bandwidths
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stubl single-stub matching
stub2 double-stub matching
stub3 triple-stub matching
onesect one-section impedance transformer
twosect two-section impedance transformer
pi2t Pi to T transformation
t2pi Pi to T transformation
Tmatch L-section reactive conjugate matching network
pmatch Pi-section reactive conjugate matching network

S-Parameters

gin
gout
nfcirc
nfig
sgain
sgcirc
smat
smatch
smith
smithcir
sparam
circint
circtan

input reflection coefficient in terms of S-parameters
output reflection coefficient in terms of S-parameters
constant noise figure circle

noise figure of two-port

transducer, available, and operating power gains of two-port
stability and gain circles

S-parameters to S-matrix

simultaneous conjugate match of a two-port

draw basic Smith chart

add stability and constant gain circles on Smith chart
stability parameters of two-port

circle intersection on Gamma-plane

point of tangency between the two circles

Linear Antenna Functions

dipole
travel
vee
rhombic
dmax

hallen
hallen2
hallen3
hallen4
pockling

king
kingeval
kingfit

gain2
gain2h

imped
impedmat

yagi

gain of center-fed Tinear dipole of length L

gain of traveling-wave antenna of length L

gain of traveling-wave vee antenna

gain of traveling-wave rhombic antenna

computes directivity and beam solid angle of g(th) gain

solve Hallen’s integral equation with delta-gap input

solve Hallen’s integral equation with arbitrary incident E-field
solve Hallen’s equation for 2D array of identical linear antennas
solve Hallen’s equation for 2D array of non-identical linear antennas
solve Pocklington’s integral equation for Tinear antenna

King’s 3-term sinusoidal approximation
evaluate King’s 3-term sinusoidal current approximation

fits a sampled current to King’s 2-term sinusoidal approximation

normalized gain of arbitrary 2D array of linear sinusoidal antennas
gain of 2D array of Tinear antennas with Hallen currents

mutual impedance between two parallel standing-wave dipoles
mutual impedance matrix of array of parallel dipole antennas

simplified Yagi-Uda array design
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Aperture Antenna Functions

diffint
diffr
dsinc

fcs
fcs2

hband
heff
hgain
hopt
hsigma

generalized Fresnel diffraction integral
knife-edge diffraction coefficient
the double-sinc function cos(pi*x)/(1-4*xA2)

Fresnel integrals C(x) and S(x)
type-2 Fresnel integrals C2(x) and S2(x)

horn antenna 3-dB width

aperture efficiency of horn antenna

horn antenna H-plane and E-plane gains
optimum horn antenna design

optimum sigma parametes for horn antenna

Antenna Array Functions

array
bwidth
binomial
dolph
dolph2
dolph3
multibeam
scan
sector
steer
taylor
uniform
woodward

chebarray

gain computation for 1D equally-spaced isotropic array
beamwidth mapping from psi-space to phi-space
binomial array weights

Dolph-Chebyshev array weights
Riblet-Pritchard version of Dolph-Chebyshev
DuHamel version of endfire Dolph-Chebyshev
multibeam array design

scan array with given scanning phase

sector beam array design

steer array towards given angle

Taylor-Kaiser window array weights

uniform array weights

Woodward-Lawson-Butler beams

Bresler’s Chebyshev array design method (written by P. Simon)

Gain Plotting Functions

abp
abz
ab2p
abz2

dbp
dbz
dbp2
dbz2

abadd
abadd2
dbadd
dbadd2
addbwp
addbwz
addcirc
addline
addray

polar gain plot in absolute units

azimuthal gain plot in absolute units

polar gain plot in absolute units - 2*pi angle range
azimuthal gain plot in absolute units - 2pi angle range

polar gain plot in dB

azimuthal gain plot in dB

polar gain plot in dB - 2*pi angle range
azimuthal gain plot in dB - 2pi angle range

add gain in absolute units

add gain in absolute units - 2pi angle range
add gain in dB

add gain in dB - 2pi angle range

add 3-dB angle beamwidth in polar plots

add 3-dB angle beamwidth in azimuthal plots
add grid circle in polar or azimuthal plots
add grid ray line in azimuthal or polar plots
add ray in azimuthal or polar plots
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Miscellaneous Utility Functions

ab
db

c2p
p2c

d2r
r2d

dtft
I0

ellipse
etac
wavenum

poly2
quadr
quadrs

blockmat

upulse
ustep

dB to absolute power units
absolute power to dB units

complex number to phasor form
phasor form to complex number

degrees to radians
radians to degrees

DTFT of a signal x at a frequency vector w
modified Bessel function of 1st kind and Oth order

polarization ellipse parameters
eta and c
calculate wavenumber and characteristic impedance

specialized version of poly used in chebtr and dolph
Gauss-Legendre quadrature weights and evaluation points
quadrature weights and evaluation points on subintervals

manipulate block matrices

trapezoidal, rectangular, triangular pulses, or a unit-step
generate a unit-step or a rising unit-step function



