Fields and Waves I Spring 2006
Homework 8

1. Short Questions
a. An air insulated parallel plate capacitor consists of two plates each with an
area equal to A, separated by a distance d. What is the capacitance of this
configuration? (5 pts) This is one of the simplest and most important

. . &,
expressions to remember from this course. C = OTAO Farads

b. Two long straight wires carrying a current | run parallel to one another. Will
these wires experience an attractive force or a repulsive force? (5 pts) This is
also a very fundamental phenomenon. Forces between two parallel
conductors are such that like currents attract. The diagram below shows this.
Assume the currents are going into the page. Then the field from the current
on the left points vertically down at the right hand wire. The J x B force
points to the left (attractive).

J x B force

B due to left wire

c. What is the input impedance of a transmission line with an open circuited load
if the length of the line is a half wavelength (%)? (5 pts) For any half

wavelength long transmission line, the input impedance equals the load
impedance. Thus, the input impedance is infinity (open circuit).

d. Will sunlight reflecting off of a body of water be polarized predominantly in
the horizontal or vertical direction? (5 pts) Light reflecting off of any dielectric
will be primarily perpendicularly polarized. That means it will be primarily
horizontally polarized since the water surface is horizontal.

e. A uniform plane wave propagates in free space. It carries an average power
density of 100 Watts per square meter. What is the magnitude of the electric

field of this wave? (5 pts) The average Poynting Vector is given by
2
S, = %Re(ﬁ x H*) = S"‘ 4 in free space. Thus, E,, = /277,100 = 275 V/m
o

(approximately)
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2. Multiple Choice (circle all answers that are correct for each question) d
+—>
P2 Ps
d
P1 P3 P4 Ps
D
o D L

a. For the two-wire transmission line shown above, assume that there is a
positive voltage V, on the right hand wire and a negative voltage -V, on the
left hand wire. As with all capacitors, there will be a surface charge density on
each of the wires. Which of the following statements are true? (5 pts)

i. The surface charge density is the most negative at point p; and most
positive at the point ps and increases in the order p;, p2, Ps3, Pa, Ps, Ps
@ The surface charge density is the most negative at point ps and most
positive at the point p4 and increases in the order ps, p2, P1, Ps Ps, Pa
iili. The magnitude of the surface charge density is the same at the
following points: p;1 & pz2, P3 & pPa, Ps & Ps
The magnitude of the surface charge density is the same at the
following points: p; & ps, P3 & Pa, Ps & P2

— =

b. Theinductance of the solenoid shown above can be made larger by (5 pts)
0 Winding it on a core with a larger

(ii) Winding more turns
qp Winding it on a core with the same length but larger area
Iv. Winding it on a core with the same area but larger length
v. Winding it with thicker wire but all other parameters the same
For all five cases, assume all other parameters remain exactly the same.

c. Relative to free space, waves propagating in a lossless dielectric medium at a
given frequency will have which of the following characteristics? (5 pts)
i. Higher propagation speed
Lower propagation speed
1i. Higher intrinsic impedance
Lower intrinsic impedance
v. Larger wavelength
Shorter wavelength
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d. Two transmission lines are identical except for the insulator used. One uses
Teflon with & = 2.1¢, while the other uses Polystyrene with ¢ = 2.6¢, .

Otherwise, all dimensions and conductors are exactly the same. Comparing
these two lines, which of the following are true? (5 pts)

I.  The capacitance per unit length of the Teflon cable is larger than the
capacitance per unit length of the Polystyrene cable.
The time it takes a pulse to propagate from one end of a 100 meter
cable is larger for the Teflon cable than the Polystyrene cable.
The characteristic impedance is larger for the Teflon cable than the
Polystyrene cable.
The two cables have the same inductance per unit length.

@G =

e. Which of the following applications of Fields and Waves were mentioned in
lecture? (5 pts)
Polarizing sunglasses
Antennas for satellite communication
Transformers
Motors & generators
Microwave ovens
Diodes (actually PN junctions)
Cable TV transmission lines

f. Standing wave patterns for both transmission lines and plane waves are
characterized by which of the following? (5 pts)
i. Maxima (voltage, current, electric field, magnetic field) are separated
by one wavelength 4.
@ Minima (voltage, current, electric field, magnetic field) are separated

A
by one half wavelength A .

iii. The standing wave ratio can take values between zero and 1.
@ The reflection coefficient can take values between zero and 1.
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3. Boundary Conditions
a. The static magnetic field inside of a spherical magnetic object is known to be

uniform and oriented vertically upward, as shown below. If this object has a
high permeability 2 >> 4, sketch the field lines in air just outside of the
sphere. You only need the show the direction of the field lines near the sphere.
Be sure to draw carefully. (10 pts) First draw the normals, then trivial.
Only showing on the right
for clarity

b. The following electric field is thought to exist in the region (air) between two

conducting parallel plates E = >A(10cos(27z106t —%zj , s shown. Determine

the surface charge density on each of the plates (top and bottom). (10 pts) One
only needs to evaluate the boundary condition for normal D to get the surface

charge density. p, =D, = ¢,E, = golocos(zﬂloﬁt —ﬁz} where the sign is

negative for the top plate and positive for the bottom. The velocity of
propagation is also wrong since it is not equal to the speed of light in vacuum.

X
z Ex

While part a only requires that you show a reasonable approximation of the field
direction, a specific answer is required for part b.
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4, Gauss’ Law

A uniformly charged beam (volume charge density equals o, ) exists in the region

O<r<a. This beam is surrounded by a thin conducting shell at r = b. The outer conductor
is grounded and, thus, must have an equal and opposite total charge per unit length as is
found in the beam.

A A Ps

A 4

a. Using Gauss’s Law, solve for the electric field for the region from 0<r<a. (5 pts)
The Gaussian surface for this case is a cylinder (the end caps contribute nothing because

the field must be in the radial direction. f;f)-d§ =D, 2arl = Q,,, = p,ar’l thus
2
e Yy 1
g2 g2

b. Again, using Gauss’ Law, solve for the electric field for the region from a<r<b. (5 pts)
The same Gaussian surface§> D-dS = D, 2arl = Q,, = p,7m°l so that

2 2

E _p07za _poa
"og22mr g 2r

c. Finally, what is the electric field for the region r>b? (5 pts)
E, = Obecause no net charge is enclosed.

d. Verify your solutions to parts a, b, and ¢ by applying the differential form of Gauss’
Law. (5 pts) Neither expression has a curl since they vary and are directed only in the r
direction. The divergence must also be zero.
2

V.Ef=1O Ll 1Pl _1p2_po

ra g2 ra g2 r g2 g

2 2

v.Ef_LO 23 10 pa
ra g2r ra g2

as it should while

= Q0again as it should.
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5. Laplace’s Equation
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Spring 2006

The spreadsheet, finite difference method was used to determine the voltage values in
some region of space. In the table below, the voltages in the shaded cells on the outside
are fixed. The actual voltages in the nine interior cells have been rounded up or down to

display no decimal digits. The cell separation is 1mm.

110 111 113 111 110
100 | Ca00 D[C 100 ) | 100 100
90 89 88 89 90
80 77 75 77 80 x
70 65 55 65 70

Identify one cell which has the correct relationship to its neighbors. (circle it and justify
your answer) (5 pts) For the upper left cell, 100=(100+100+111+89)/4 so it works as it
should.

Identify one cell which has an incorrect relationship to its neighbors. (circle it and justify
your answer) (5 pts) For the upper center cell, (113+88+100+100)/4 does not equal 100,
SO it does not work.

Using the given voltages, estimate the electric field vector for the middle cell (88 Volts),
giving both direction and magnitude. Note the given coordinate system. (5 pts) For the
center cell, there is no variation in the horizontal direction and the configuration has a
line of symmetry vertically through the center cell. Thus, the electric field must point
vertically downward through this cell. Its magnitude is given by the average of

1%00;)?8 =12000and 88— 715 = 13000 Thus, the electric field is given by E = —§12500

Five of the cell voltages are actually integers and, thus, are completely correct as shown.
Can you identify them? (5 pts) Just make an educated guess. Any answer will be
accepted.

They are the ones in the four corners and the center. The only good way to tell this is to
iterate a few times on the six cells that have unique values. The final result is shown
below. In a quiz, one cannot use Excel. Thus, one has to do this by hand. (see below)

110 111 113 111 110
100 100 100.25 100 100
90 88.75 88 88.75 90
80 77 74.25 77 80
70 65 55 65 70

Upper left is already OK, upper center new value =(113+88+100+100)/4=100.25

Center left new value = (100+88+77+90)/4=88.75
Bottom center new value = (88+77+77+55)/4=74.25

Then center and bottom center work out as is. This is just good guess work, largely or
brute force for several iterations.
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6. Faraday’s Law

Last weekend, LITEC students tried to fly their blimps in the new Biotech center. This
building has a very large atrium that should be ideal for this purpose since it is several
stories high and at least 25 feet wide, more than large enough for the blimps to pivot in.
Unfortunately, the blimps could not fly because the large amounts of steel in the building
made their compasses useless. Because the magnetic fields in the building were
significantly modified from the usual value and direction for the earth’s field, some of the
people with labs there became concerned that their sensitive and expensive lab equipment
might also be affected. To allay their fears, assume that you are given the job to quickly
measure the field to see if you can, at least, demonstrate that it is largely a direction
problem and the field magnitude is not large enough to be a problem for anything. To do
this, you wind a coil like the one we used for the Beakman’s motor. You spin the coil on
its axis and measure the voltage induced. Assume that you were clever enough to wind a
square coil (can be done on a square frame) to keep the analysis simple. The resulting

configuration looks something like this except that your coil will have N turns.
magnetic field

. . ) direction of magmnetic field
axis of rofation ratatitig cofl

lal [ lﬁi / il
@ .
T ’\’;‘/ coil
T T T 1 o

] ¢ / direction of rofation

Pr - —

side view end view
The coil has a height h and a length | and turns at a frequency o .

First find a general expression for the voltage induced across the terminals of the coil.
Assume that the magnitude of the magnetic field is Bo. (10 pts) The induced voltage is
given by the time derivative of the flux passing through the coil. The flux is given by the
product of the magnetic field and the loop area. The total flux is N times for N turns. Thus
V = NB,ahlsin(at) where Area = hlcos(at)is the area aligned with the magnetic field.

Next, assume that w = h = 2cm, B,=1mT, the rotation frequency f=10Hz, and then
number of turns is N = 1000. Determine the numerical magnitude of the induced voltage.
As long as the real voltage measured is less than this number, the actual field magnitude
will be very small. (10 pts)

V = NB,ahl sin(cot) =1000(0.001)(210)(.02)(.02) sin(20t ) = 0.025sin(207t) so that, if

the field is larger than this, it can be seen, since 25mV is a reasonable signal level.
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7. Pulses on Transmission Lines

A
R1 T1

W =
20

B A g "
D =0 @ 200
TR=0

t TF =0

PW = 2.5ns

|_.

2.5ns

0 =0

The 5V pulse is launched on the 20 cm long transmission line shown. For this line, the
capacitance per unit length is 1.7x10™° F/m and the inductance per unit length is 1.1x10°®
H/m. The propagation speed on this line was designed to be quite slow.

a. Find the characteristic impedance of the line. (5) The characteristic impedance is given

| 11x10°° . .
by Z, = ,|— =+/-———5 = 80.44 for the purposes of this problem, we can approximate
C

17x107%°
this as 80 to keep the math simpler. For the next part, we need the reflection coefficients
ateachend. T'| = 200-80 _ 1o (actually .426) and T = 2080 _ _ g while the
200+ 80 20+80
80

voltage divider relationship is V,, =5

80+20

b. Generate the bounce diagram for this configuration. Include all numbers. Continue the
diagram until the voltages observed at both the input and output ends of the lines are less
than 1 Volt. Draw carefully. (10)

V,, =4
TV, =(0429)4 =17 ty pt
[V, =(-06)L7 = -103 I T,
I, T, %V, =(0429)(-103) = -044
3T [+ COV, — .- 3T
oT b - ot
\\‘j\}\ 1—‘LVin
T B /'_:s::_}- T
Vin___,—""
z=0 7=d
8
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c.|Plot the voltage as a function of time at oth the input and output ends of the line. (5)

Inpult En

5.0V
8.0V

0 V(R1:2)

Outpyt End

4.0V

SEL>>
4.0V

0Os 5ns 10ns 15ns 20ns 25ns
o V(R2:1) u
ime

The section in the box shows the only pulses with amplitudes greater than 1 V. The first
pulse at the load should have a voltage of (1.429)4=5.7 which it does. The second pulse
at the source end should have a voltage of (1-0.6)1.7=.68 which it does. The second pulse
at the load end should have a voltage of (1.429)(-1.023)=-1.462 which it does. The rest of
the pulses are all smaller than 1V.
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8. Reflection and Transmission
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a. A uniform plane wave is incident in air (&, = ¢, & 14 = 14,) on a lossless dielectric
medium. (&, = &6, & 1, = u,). The incident power density of the wave is 100 Watts per

square meter. Assume that the frequency of the wave, @, is given. Write the incident
electric field in phasor form. (4) The incident electric field is given by

E, = %E,"e ¥ where £, = w\ u,¢e, and E,* =,/27,100 = 275

b. Assume that 20% of the incident power is reflected. Write the reflected electric field in
phasor form. (4) The reflected electric field is given by E, = —XE,_~e"#*where
E, =4/27,20 =123. The reflected field must have a negative magnitude since the

impedance of the dielectric must be less than that of air. Note that we could also get this
by dividing the incident amplitude by the square root of 5 since the E field magnitude
must reduce by the square root of the reduction in the power density.

c. From your answers to parts a and b, determine the dielectric constant &, for the second
medium. (4) The reflection coefficient is given by

ro-fo 1B g dain
E,” 275 Ja +\e

2
g = (_1—1") =7
1+T

which we can rearrange to solve for ¢, .
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d. Write the transmitted electric field in phasor form. (4) The transmitted electric field is

given by E, = XE,,'e " where B= o e.e, =18, n=_|-L2 :%:143 and

& &

E,," =+/2780 =152

m

e. Using your answer to part d, evaluate the average Poynting vector in the second
medium to demonstrate that all power is fully accounted for. That is, the incident power
equals the sum of the reflected and transmitted power. (4) The average transmitted is

+ 2
given by 1B, _(152)
2 2(143)

= 80as expected (or at least very close).
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9. Comprehensive Question on Plane Waves and Transmission Lines.

Given a uniform plane wave with E = £100cos(6710%t — 37z) is propagating in a lossless
dielectric medium.

a. What are the direction of propagation, the wavelength A, and the frequency f of
this wave? (3) The wave propagates in the +z direction, has a frequency of

3x10°Hz and a wavelength given by A = 2; = 2” =0.667 We can also check this
T
® 6710°

= 2x10° The speed will be

by looking at the speed of propagation u=— =
o) 3

smaller than c by the index of refraction n = g The wavelength must be

8
ﬁzi— 3x10 —/asabove

nf ( 3, )3x108

b. Write this electric field wave in phasor form. (3) E = 100e %%

c. From what you know of the wave characteristics, what is the permittivity

e=¢.¢€,7(3) The propagation speed is 2/3 that of light in vacuum, thus n :g

and &, = (15)" =225

d. What is the intrinsic impedance of the medium 7? (3) 7= T _ % =80r
n .

e. Write the phasor form of the magnetic field vector H ? (3)
- 100 _; 5 _;
H — A_e—j?,;zz — A_e—JSnz
y 807 y A

f. What is the average power density (Poynting Vector) carried by this wave? (4)

2
ReE x H — , 100" 5 62.5
2(8072') Vs

S=

r\>||—\

Now we want to demonstrate that this wave can propagate in the space between two
perfectly conducting plates that form a parallel plate transmission line (also known as
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a stripline) as shown below. From the given information on the electric field, we
know that the electric field vector is as shown.

g. On the diagram below (a side view of the transmission line, also can be described
as looking in the negative y-direction), pick out the correct direction for the
magnetic field using the information you have given above, by circling the correct
configuration. The symbol & designates into the page while the symbol ©
designates out of the page. (2)

h. From the information given on the uniform plane wave above, determine either
the phasor form of the voltage v(z) or the current i(z) on the transmission line. (4)

v(2) = ‘E‘s =100se ** while for the current, i(z) = ‘H‘w = w4ie"3”Z we can check
T

—-j3mz
\_’(Z) = (4”)109$f _ 80 _ 77i which is the same
1(2) whe ¥ w w

this result by looking at Z, =

result obtained in lecture 25.
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