Phases and Complex Variables

Phases can be determined by looking at the real and imaginary parts of the H(j) function.  Keep in mind, that in the complex transfer function model, the phase is given by:   ( H(j) = tan-1(H(j)) = tan-1(numerator) - tan-1(denominator)

The following chart contains some useful values of tan-1.   Note that these values can be determined simply by finding the quadrant in the real/imaginary plane.

	Case
	real part (x)
	Imaginary part (y)
	tan-1(x+jy) in degrees
	tan-1(x+jy) in 

radians

	(a)
	0
	0
	0
	0

	(b)
	X
	0
	0
	0

	(c)
	0
	Y
	90
	/2

	(d)
	-X
	0
	-180 or 180
	- or 

	(e)
	0
	-Y
	-90
	-/2

	(f)
	A
	A
	45
	/4

	(g)
	-A
	-A
	-135
	-3/4

	(h)
	A
	-A
	-45
	-/4

	(i)
	-A
	A
	135
	3/4


Some examples: 
H(j) =  R + jL / (R + jL + 1/jC ) 

H(j) = (jRC – 2LC) / (jRC + 1 – 2LC ) 




H(j) → -LC/-LC  → 1 at  → ∞




( H(j) = tan-1(H(j))




( H(j) → tan-1(1) at  → ∞

this is case(b)

( H() → 0at  → ∞

H(j) =  jL / (R + jL + 1/jC ) 

H(j) = (– 2LC) / (jRC + 1 – 2LC ) 




H(j) → -LC at  → 0




( H(j) = tan-1(H(j))




( H(j) → tan-1(-LC ) at  → 0

this is case(d)

( H() → at  → 0

 
H(j) = jRC / (jRC + 1).  




( H(j) = tan-1(H(j)) = tan-1(numerator) - tan-1(denominator)




( H(j) = tan-1(jRC ) - tan-1(jRC + 1)

this is case(c) – case(f) iff cRC

( H(jc) = /2 - /4 at cRC

( H(jc) = /4 at cRC
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How to take Limits
You must be able to take limits in order to use transfer functions effectively.  Basically, to take a limit as  → 0 or  → ∞, you must determine the dominant term in both the numerator and denominator and then consider the value of the ratio as the function approaches the limit.  Note that when you first write out a transfer function (by looking at the circuit), it is often not in the best form for taking a limit.  Multiplying all terms by (1/jC) usually puts it in a form where there are no fractions in the numerator and denominator.  More complex circuits may require more reduction. When you take the limit, try considering which of the two forms makes it easiest to understand.  It might be either one.  I like the one below.

When the transfer function has the general form:


(A2 + B + C) + j(D2 + E + F)

(G2 + H + I) + j(J2 + K + L)

To find the dominant term as  → 0, look for the lowest power of  in the numerator and the lowest power in the denominator. 


example:




      R + jL               Next, multiply num and den by jC.




R + jL + 1/jC




    jRC - LC        Next, find dominant terms as →0.




jRC  - LC + 1




         jRC                Reduce.  





  1 




         jRC                Use this to approximate H(j) at →0.  

To find the dominant term as  → ∞, look for the highest power of  in the denominator and the highest power in the numerator.


example:




           R                    Next, multiply num and den by jC.




R + jL + 1/jC




         jRC                 Next, find dominant terms as →∞.




jRC  - LC + 1




         jRC                Reduce.




         LC 




          jR                     This can be used for H(j) at →∞.  




         L 

Once you have the dominant term for both the numerator and the denominator, you can decide how the function behaves as  approaches the desired limit. I made a chart of the different cases, as this is easier on the computer.

	limit
	dominant term in numerator
	dominant term in denominator
	limit approaches
	comments

	0
	1 / jC
	1 / jC
	1 as  → 0
	H ( 

	∞
	1 / jC
	1 / jC
	1 as  → ∞
	H ( 

	0
	1 / j²C
	1 / j²C
	1 as ² → 0
	H ( 

	∞
	1 / j²C
	1 / j²C
	1 as ² → ∞
	H ( 

	0
	jRC 
	1
	0 as  → 0
	H ( 

	∞
	jRC 
	1
	∞ as  → ∞
	H ( 

	0
	j²RC 
	1
	0 as ² → 0
	H ( ²

	∞
	j²RC 
	1
	∞ as ² → ∞
	H ( ²

	0
	1
	jRC 
	∞ as  → 0
	H ( 1/

	∞
	1
	jRC 
	0 as  → ∞
	H ( 1/

	0
	1
	j²RC 
	∞ as ² → 0
	H ( 1/² 

	∞
	1
	j²RC 
	0 as ² → ∞
	H ( 1/² 

	0
	jRC 
	jLC
	0 as  → 0
	H ( 

	∞
	jRC 
	jLC
	∞ as  → ∞
	H ( 

	0
	jRC 
	jLC
	∞ as  → 0
	H ( 1/

	∞
	jRC 
	jLC
	0 as  → ∞
	H ( 1/

	
	
	
	
	


On the following page is a chart with some common circuits and their transfer functions.
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